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Abstract 
For a degradable structural system with fuzzy failure region, a moment method based on fuzzy reliability sensitivity algorithm is 
presented. According to the value assignment of performance function, the integral region for calculating the fuzzy failure probability is 
first split into a series of subregions in which the membership function values of the performance function within the fuzzy failure region 
can be approximated by a set of constants. The fuzzy failure probability is then transformed into a sum of products of the random failure 
probabilities and the approximate constants of the membership function in the subregions. Furthermore, the fuzzy reliability sensitivity 
analysis is transformed into a series of random reliability sensitivity analysis, and the random reliability sensitivity can be obtained by 
the constructed moment method. The primary advantages of the presented method include higher efficiency for implicit performance 
function with low and medium dimensionality and wide applicability to multiple failure modes and nonnormal basic random variables. 
The limitation is that the required computation effort grows exponentially with the increase of dimensionality of the basic random vari-
able; hence, it is not suitable for high dimensionality problem. Compared with the available methods, the presented one is pretty com-
petitive in the case that the dimensionality is lower than 10. The presented examples are used to verify the advantages and indicate the 
limitations. 
Keywords: moment method; fuzziness; sensitivity analysis; fuzzy failure probability 
1 Introduction* 
For most of the failures with gradual perfor- 
mance degradation of the degradable structural sys-
tem, it is reasonable to describe the failure region 
with fuzziness[1-2]. The reliability taking the fuzzi-
ness of the failure region into consideration is 
known as the fuzzy reliability. This article focuses 
on the fuzzy reliability sensitivity, an important 
output of fuzzy reliability analysis. Similarly, as for 
the random reliability sensitivity, the fuzzy reliabil-
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ity sensitivity is defined as the partial derivative of 
the fuzzy failure probability with respect to the dis-
tribution parameter of the basic random variable, 
and it represents the effect of the distribution pa-
rameter on the fuzzy failure probability. The nor-
malized fuzzy reliability sensitivity can provide the 
information of importance ranking for the gradient 
based on reliability optimization. In addition, the 
fuzzy reliability sensitivity involves the partial de-
rivative of the fuzzy failure probability with respect 
to the parameters of the membership function be-
cause the fuzzy failure probability is affected by the 
parameters of the membership function. Currently, 
there are many well established random reliability 
sensitivity analysis methods[3-14], e.g. the approxi-
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mately analytical method for the random reliability 
sensitivity based on the first order and second mo-
ment (FOSM)[3-6], the numerical algorithm based on 
the original/improved Monte Carlo simulations[7-12], 
and so on. However, it appears that not many re-
searches have been carried out for the computation 
of the fuzzy reliability sensitivity. In this article, an 
approximate transformation from the fuzzy failure 
probability to the random failure probability is 
adopted and then the fuzzy reliability sensitivity 
analysis can be approximately completed by bor-
rowing the random reliability sensitivity method. 
Because the FOSM based analysis method for ran-
dom reliability sensitivity is only applicable to the 
linear performance function with dependent normal 
variables and the efficiency of numerical algorithms 
based on the original/improved Monte Carlo simu-
lations need to be improved, such methods for the 
random reliability sensitivity analysis are not bor-
rowed to complete the fuzzy reliability sensitivity. 
The moment method based on random reliability 
sensitivity analysis method, which is constructed by 
the authors, is used to construct the moment based 
on fuzzy reliability sensitivity. The advantages of 
the moment method based on random reliability 
sensitivity analysis, such as higher efficiency for 
low and medium dimensionality, wide applicability 
to the nonnormal random variables, and multiple 
failure modes, are propagated to the moment 
method based on fuzzy reliability sensitivity analy-
sis. After the basic concept and the implementation 
are detailed for the moment method based on fuzzy 
reliability sensitivity analysis, the illustrations are 
presented to verify the precision and the efficiency 
of the presented method, and the limitations are 
pointed out simultaneously. 
2 Basic Concept and Implementation of 
 Fuzzy Reliability Sensitivity Analysis 
The presented method for analyzing fuzzy re-
liability sensitivity includes three steps. First, the 
definition of fuzzy reliability sensitivity is provided, 
and its numerical simulation solution is proposed. 
Because the numerical simulation solution con-
verges to the real value according to the law of large 
numbers, it is used as a standard solution to verify 
the presented new method in the illustrations. Se- 
cond, according to the taken values of the perfor- 
mance function, the integral region for calculating 
the fuzzy failure probability is split into a series of 
subregions. The relationship between the fuzzy re-
liability sensitivity and the random reliability sensi-
tivities within the subregions is constructed. Third, 
the moment method is established to analyze the 
random reliability sensitivities of the subregions, 
and furthermore, the fuzzy reliability sensitivity 
related to these random reliability sensitivities of 
subregions is obtained. 
2.1 Definition of fuzzy reliability sensitivity 
Denoting F  as the fuzzy failure region of the 
researched problem, the fuzziness of F  can be de-
scribed by the membership function ( )F gP   of per-
formance function g(x) (where x is the n-dimension 
basic random vector) to F . In the illustrations of 
this article, three membership functions, i.e. linear 
form, normal form, and Cauchy form, regularly used 
in engineering problem are selected to verify the 
feasibility and rationality of the presented method. 
The formulae of the three membership functions are 
shown in Eqs.(1)-(3). For other membership func-
tions, the corresponding extension is straight for 
ware. 
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where a1, a2, b1, b2, c1, and c2 are the parameters of 
the corresponding membership functions, respec-
tively, and they can be determined by the statistics 
of the expert experience according to the specific 
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problem. In the following sections, a1, b1, and c1   
are denoted by  1PT , and a2, b2, and c2 are denoted 
by  2PT  for the sake of simplification. In the illus-
trations, a1 = 0, a2 = 1, b1 = 0, b2 = 1, c1 = 0, and  
c2 = 1 are selected as the parameters of the corre-
sponding membership functions. 
When the fuzziness of fuzzy failure region F  
is described by the membership function ( )F gP  , 
the fuzzy failure probability FP  can be defined by 
the expectation of ( )F gP  , as shown in Eq.(4). 
> @( ) ( )dnF FP g fP ³R x x x          (4) 
where Rn denotes n-dimension real number space, 
and f (x) is the probability density function of n- 
dimension basic random vector 1 2[ ]nx x x   x . 
By denoting   ( 1,2, ,i i IP PT     ; IP  is the total 
number of parameters) as the ith parameter of the 
membership function [ ( )]F gP  x , and   ( 1,2,jkx jT   
,n   ; 1,2, , jk K    ; jK is the total number of 
distribution parameter of the jth random variable xj) 
as the kth distribution parameter of the jth random 
variable xj, we can obtain the fuzzy reliability sensi-
tivities measured by the partial differential of FP  
with respect to parameter  iPT  and the partial dif-
ferential of FP  with respect to the parameter 
 
j
k
xT , 
as follows 
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Eqs.(5)-(6) can be transformed into the expec-
tations as follows:  
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where [ ]E <  means the expectation operator. 
The expectations shown in Eqs.(7)-(8) can be 
obtained through the means of samples. The mean 
of the sample converging to the expectation is 
guaranteed by the law of large numbers. Therefore, 
we can get the approximate solutions by drawing a 
large number of samples. These solutions are used 
to verify the presented moment methods.  
2.2 Relationship between fuzzy reliability sen-
sitivity and random reliability sensitivity 
Constructing the relationship between the ran-
dom reliability sensitivity and the fuzzy reliability 
sensitivity is the precondition of using the former to 
obtain the latter. Because the fuzzy reliability sensi-
tivity is defined through the fuzzy failure probability, 
first, we construct the relationship between the 
fuzzy failure probability and the random failure 
probability. 
The random failure probability PF can be de-
fined by  
( )dF FP f ³ x x              (9) 
where { ( ) 0}F g x x  is the crisp failure region 
defined by the performance function g(x). 
Comparing Eq.(9) for the random failure 
probability with Eq.(4) for the fuzzy failure pro- 
bability, it can be found that the integral region of 
FP  is n-dimension space, whereas that of PF is F, 
the crisp failure region defined by the performance 
function. In the following sections, we take the lin-
ear membership function, which is shown in Fig.1, 
as an example to demonstrate how to construct the 
relationship between FP  and PF. 
 
Fig.1  Linear membership function. 
In case of the linear membership function 
shown in Fig.1, the integral to calculate the fuzzy 
failure probability can be separated into three parts 
as follows:  
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2( )
[ ( )] ( )dFg a g fP!³ x x x x         (10) 
Because [ ( )] 1F gP { x  within the region g(x)  
a1 and [ ( )] 0F gP { x  within the region g(x) > a2, the 
third part of Eq.(10) equals zero, and the first part is 
equivalent to the random failure probability with the 
crisp failure region 1{ ( ) 0}g a dx x . We denote 
1 1{ ( ) 0}mF g a   dx x  for convenience of de-
scription. 
For the second part of Eq.(10), the value of 
membership function [ ( )]F gP  x  varies with g(x) 
within the region of a1 < g(x)  a2. To identify the 
relationship between the fuzzy failure probability 
and the random failure probability within this region, 
we may split this region into m subregions with no 
one crossed each other 
1
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as shown in Fig.2, where 1,2, ,l m     and a = a2 – 
a1. For ( 1,2, , )lF l m    , g(x) can be approximated 
by a set of constants ( ) ( ) ( 1/ 2) /lg m l a m   x  
a1 ( 1,2, , )l m    , then the [ ( )]F gP  x  of Fl can be 
taken out from the integral used for calculating the 
fuzzy failure probability, and Eq.(11) holds true ap-
proximately. 
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Obviously, ( )d
lF
f³ x x  is the integral of the 
probability density function f (x) within the crisp 
region Fl, it is equivalent to the random failure 
probability of Fl.  
 
Fig.2  Evenly divided integral region 1 2[ , ]g a a into m 
subregions. 
Then, the fuzzy failure probability of Eq.(10) 
can be rewritten as  
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where 
1mFP   is the random failure probability of Fm+1 
with the performance function g(x) – a1. Denote the 
performance function 1( ) ( ) ( )lg g m l a m a   x x  
( 1,2, , )l m    , then the random failure probability 
( 1,2, , )
lFP l m     can be calculated by 
1 ( ) 0 ( ) 0
( )d ( )d
l
l l
F g g
P f f
  
 ³ ³x xx x x x    (13) 
Eq.(12) shows that the relationship between the 
random failure probability within the crisp failure 
region and the fuzzy failure probability. Differenti-
ating Eq.(12) with respect to  
j
k
xT , we can obtain  /
j
k
xFP Tw w  as expressed by  
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where    1,2, , 1
l j
k
F xP l mTw w       can be calcu-
lated by the random reliability sensitivity method, 
which is discussed in Section 4. 
For  iFP PTw w , it can be obtained by differen-
tiating Eq.(10) with respect to the membership func-
tion parameter  iPT . 
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Because  [ ( )] 0iF g PP Tw w { x  within regions g   1,af  and  2 ,g a f , Eq.(15) can be simpli-
fied as 
   
1 2
[ [ ( )] ] ( )di iF Fa g aP g fP PT P Td dw w  w w³ x x x   (16) 
Splitting 1 2( , ]g a a  into m subregions {lF  x   1 1( ) / ( ) [ 1 ] / }m l a m a g m l a m a  d    x , in 
which  [ ( )] iF g PP Tw w x  can be approximated by 
different constants, then Eq.(16) can be rewritten as 
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Eq.(14) and Eq.(17) construct the relationship 
between the fuzzy reliability sensitivity and the ran-
dom reliability sensitivity. The random reliability 
sensitivity and the random failure probability can be 
analyzed by the moment method[15-20]. 
3 Discussion on Applicability and Effici-
 ency of Presented Method 
3.1 Efficiency 
In Eq.(14) and Eq.(17), 
lFP  and 
 
l j
k
F xP Tw w  
can be obtained by the moment based random fail-
ure probability analysis and random reliability sen-
sitivity analysis methods, and then the moment 
method for fuzzy reliability sensitivity analysis is 
established. From the expressions shown in 
Eqs.(7)-(8), it is known that the fuzzy reliability 
sensitivity can be transformed into the expectation, 
which can be directly estimated by the moment 
method. However, we do not adopt the moment 
method to calculate the fuzzy reliability sensitivity. 
The reason is that the expectations of Eqs.(7)-(8) 
concern with the stepwise function ( )F gP  , and the 
moment method is not suitable for the expectation 
estimation of the stepwise function. 
The computational effort is mainly concen-
trated on calculating the first four moments of the 
performance function; therefore, the efficiency of 
the presented method depends on the calculating 
effort made for the first four moments of the per-
formance function. In general, the calculating times 
of g(x) for obtaining the first four moments of g(x) 
are 3n (n is the number of basic random variables); 
thus, the moment method is not suitable for the 
higher dimensionality problem.  
For obtaining the random failure probability, 
the random reliability sensitivity of subregions 
( 1,2, , )lF l m    , and the fuzzy reliability sensitiv-
ity, the first four moments of performance functions 
gl–1(x) and g(x) are involved. Because the difference 
between gl(x) and g(x) is only a constant, and the 
same as gl–1(x) and g(x), i.e. ( ) ( )lg g x x  
1( ) /m l a m a  , 1( ) ( ) [ ( 1)] /lg g m l a m     x x  
1a , the first four moments lqgD (q = 1,2,3,4) of  
gl(x) are related to those qgD (q = 1,2,3,4) of g(x) 
analytically as follows 
1 1 1( ) /lg g m l a m aD D            (18) 
   ( 2,3,4)
lqg qg qD D            (19) 
The relationships between the first four mo-
ments of gl–1(x) and that of g(x) are similar to 
Eqs.(18)-(19). 
After the fuzzy reliability and fuzzy reliability 
sensitivity are transformed into the random reliabi- 
lity and random reliability sensitivity within the 
subregion, the increase of the computational effort 
to calculate the first four moments of gl–1(x) and  
g(x) is very limited with the increase of the number 
of the subregions. Therefore, from the relationships 
shown in Eqs.(18)-(19), we can conclude that the 
presented moment method for fuzzy reliability  
sensitivity analysis is very efficient for the low  
and medium dimensionality problem. However, it    
should be noted that the presented method is not 
applicable to the higher dimensionality problem due 
to the exponential growth of computational effort 
with the growth of the dimensionality for obtaining 
the first four moments of g(x). 
3.2 Applicability 
(1) Applicability to the distribution types of 
basic random variables  
For the derived procedure, there is no limita-
tion on the distribution type of basic random vari-
ables; thus, the presented method is suitable for ar-
bitrary distribution of basic random variables.  
(2) Applicability to the implicit performance 
function 
For the presented method of fuzzy reliability 
sensitivity analysis, only the numerical relation be-
tween the input variables and the performance func-
tion is needed; thus, the presented method is suit-
able for the implicit performance function.  
(3) Applicability to the structural system with 
multiple failure modes 
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Because the moment method for the random 
reliability analysis can be directly extended to mul-
tiple failure modes[15-17], the presented method can 
also be directly extended to the fuzzy reliability sen-
sitivity analysis of the structural system with multi-
ple failure modes.  
(4) Applicability to arbitrary membership func-
tion 
Although we consider the linear form of mem-
bership function as an example to demonstrate the 
procedure, the other forms of membership functions, 
e.g. normal form, Cauchy form, and so on, can be 
calculated by the presented method as well because 
the presented method does not limit the form of the 
membership function. 
4 Numerical Examples 
Three numerical examples are used to demon-
strate the accuracy and efficiency of the presented 
method for the fuzzy reliability sensitivity analysis. 
In the given examples, normal and nonnormal 
probability distributions, the single failure mode and 
multiple failure modes, and different membership 
functions are all taken into consideration. 
Example 1  To investigate the influence of 
the probability distribution type of basic random 
variable on the presented method, the following 
elementary performance function 1 2( )g x x x  
usually used in many situations is considered. 
For the following two cases, x1 and x2 have 
different probability density distribution types, we 
assume 3 and 0.5 as the mean and the standard de-
viation of x1, and 2 and 0.4 for x2, respectively. 
For case I, it is assumed that x1 and x2 have 
lognormal distribution, and the results are shown in 
Table 1. 
For case II, it is assumed that x1 has lognormal 
distribution and x2 has Gamma distribution, and the 
results are shown in Table 2. 
Table 1 Results of case I 
Membership 
function 
Method  1F
P
PT
w
w
   2F
P
PT
w
w
   
1
1
F
x
P
T
w
w
   
1
2
F
x
P
T
w
w
   
2
1
F
x
P
T
w
w
   
2
2
F
x
P
T
w
w
  N 
M-C 0.182 1 0.269 60 –1.231 9 0.549 2 0.959 7 0.465 5 107 
M-2 0.180 0 0.260 80 –1.218 1 0.560 9 0.951 8 0.535 4 9 Linear form 
M-4 0.183 9 0.264 80 –1.225 4 0.562 9 0.959 9 0.514 5 9 
M-C 0.504 1 0.446 30 –1.461 9 0.120 2 1.009 5 0.196 9 107 
M-2 0.494 9 0.440 70 –1.451 6 0.088 1 1.011 6 0.248 9 9 Normal form 
M-4 0.497 9 0.440 30 –1.430 6 0.098 3 1.000 3 0.191 8 9 
M-C 0.368 0 0.091 82 –0.988 8 0.515 6 0.803 2 0.502 2 107 
M-2 0.365 9 0.090 31 –0.987 1 0.604 9 0.799 2 0.522 6 9 Cauchy form 
M-4 0.372 8 0.091 42 –1.005 9 0.618 3 0.815 6 0.539 2 9 
Table 2 Results of case II 
Membership 
function 
Method  1F
P
PT
w
w
   2F
P
PT
w
w
   
1
1
F
x
P
T
w
w
   
1
2
F
x
P
T
w
w
   
2
1
F
x
P
T
w
w
   
2
2
F
x
P
T
w
w
  N 
M-C 0.185 0 0.270 60 –1.244 5 0.534 80 0.037 81 12.191 0 107 
M-2 0.180 0 0.260 80 –1.218 1 0.560 90 0.036 72 11.898 5 9 Linear form 
M-4 0.186 1 0.267 40 –1.240 1 0.614 20 0.037 62 12.194 7 9 
M-C 0.503 9 0.444 20 –1.462 3 0.099 39 0.040 61 12.729 7 107 
M-2 0.494 9 0.440 70 –1.451 6 0.088 14 0.040 01 12.606 9 9 Normal form 
M-4 0.500 0 0.440 40 –1.435 6 0.099 52 0.040 21 12.632 0 9 
M-C 0.373 2 0.092 32 –1.005 2 0.516 50 0.031 39 10.253 7 107 
M-2 0.365 9 0.090 31 –0.987 1 0.604 90 0.030 59 10.000 5 9 Cauchy form 
M-4 0.376 8 0.092 11 –1.018 2 0.624 3 0.031 50 10.324 8 9 
· 524 · Song Jun et al. / Chinese Journal of Aeronautics 21(2008) 518-525  
 
In Tables 1-2, M-C denotes the numerical 
simulation method whose result is used as the accu-
rate result to verify the presented moment method, 
M-2 and M-4 denote the presented second moment 
method and the fourth moment method, N denotes 
the total calculating times of performance functions. 
The smaller the N is, the higher the efficiency of 
the corresponding method is.  1
jx
T  in the tables de-
notes the mean of xj,  2
jx
T  denotes the standard de-
viation of xj. In the following table, those same no-
tations are adopted. 
It can also be observed from Tables 1-2 that the 
presented method is suitable for the arbitrary mem-
bership function and the arbitrary distribution form 
of basic random variable.  
Example 2  In this example, we consider a 
one-bay elastoplastic frame, as shown in Fig.3. The 
four potential failure modes of this system can be 
readily identified and defined by the following four 
linear performance functions. 
1 1 32 2 4.5g M M S    
2 1 2 32 4.5g M M M S     
3 1 2 32 4.5g M M M S     
4 1 2 32 4.5g M M M S     
 
Fig.3  One-story one-bay frame of Example 2. 
Because this is a series system, the perfor- 
mance function of this system can be defined as the 
minimum of the above mentioned four performance 
functions, i.e. ^ `1 2 3 4min , , ,g g g g g . In this ex-
ample, ( 1,2,3)iM i   and S are independent normal 
random variables with the means and standard de-
viations of 2 N m ( 1,2,3)
iM iP    , 1 N mSP   , 
0.2 N m
iMV    ( 1,2,3)i  , and 0.25 N mSV   . 
The fuzzy reliability sensitivity results are shown in 
Table 3. 
Table 3 Results of Example 2 
Member-
ship 
function 
Method  1F
P
PT
w
w
   2F
P
PT
w
w
   
1
1
F
M
P
T
w
w
   
1
2
F
M
P
T
w
w

 
2
1
F
M
P
T
w
w
   
2
2
F
M
P
T
w
w
   
3
1
F
M
P
T
w
w
   
3
2
F
M
P
T
w
w
   1F
S
P
T
w
w
   2F
S
P
T
w
w

N 
M-C 0.010 01 0.018 23 –0.043 57 0.031 81 –0.024 73 0.027 18 –0.043 61 0.030 93 0.125 9 0.247 4 107
M-2 0.009 53 0.012 12 –0.042 84 0.031 40 –0.025 84 0.031 93 –0.042 84 0.031 40 0.120 4 0.238 4 324Linear 
form 
M-4 0.009 64 0.017 31 –0.042 84 0.029 74 –0.024 82 0.026 04 –0.042 84 0.029 74 0.121 2 0.239 9 324
M-C 0.058 01 0.070 86 –0.089 13 0.053 77 –0.052 96 0.051 96 –0.089 36 0.054 33 0.260 7 0.399 7 107
M-2 0.055 78 0.068 36 –0.088 29 0.055 93 –0.054 42 0.061 52 –0.088 29 0.055 93 0.251 6 0.388 8 324Normal 
form 
M-4 0.055 84 0.068 32 –0.088 03 0.053 90 –0.053 12 0.054 72 –0.088 03 0.053 90 0.251 8 0.381 8 324
M-C 0.030 12 0.016 63 –0.046 59 0.029 65 –0.027 23 0.027 03 –0.046 64 0.029 78 0.135 4 0.219 3 107
M-2 0.029 05 0.016 24 –0.046 01 0.029 98 –0.028 25 0.032 47 –0.046 01 0.029 98 0.130 7 0.212 3 324Cauchy form 
M-4 0.029 23 0.016 26 –0.046 03 0.028 62 –0.027 41 0.027 57 –0.046 23 0.028 63 0.131 5 0.213 8 324
 
From the results of the Example 2, we can con-
clude that the presented method possesses higher 
efficiency compared with the Monte Carlo method 
when the dimensionality of basic random variable is 
low; however, there is a possibility of losing this 
advantage as the dimensionality is going higher. 
5 Conclusions 
By splitting the integral region of fuzzy failure 
probability into a set of subregions, the fuzzy relia- 
bility sensitivity is transformed into the random re-
liability sensitivity and then the high efficient mo-
ment method for estimating the random reliability 
sensitivity is extended to the estimation of fuzzy 
reliability sensitivity. The rationality of the pre-
sented method is demonstrated by the presented 
engineering examples. The advantages of the pre-
sented method include no limitation of the distribu-
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tion form of basic random variable, applicability to 
nonnormal random variable and implicit multiple 
performance function, high efficiency for the low 
and medium dimensionality, and being widely ap-
plicable. It should be noted that the presented 
method is not suitable for the higher dimensiona- 
lities because the computational effort grows expo-
nentially with the dimensionality of basic random 
variables. 
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